In this paper we employ the Horava-Lifshitz black holes solutions and obtain the corresponding Hamiltonian. It helps us to take new variables and it will be written by harmonic oscillator form. This leads us to apply non-commutative geometry to the new Hamiltonian and obtain the corresponding Lagrangian. And then, we take some information from Finsler geometry and write the Lagrangian of the different kinds of Horava-Lifshitz black holes. We show that the corresponding Lagrangian in non-commutative and Finsler geometry for above mentioned black holes completely coincidence together with some specification of parameters. But in case of rotation, the place of center of mass energy completely different, so the particle goes to inside of black hole rapidly without falling into singularity. So in that case, two Lagrangians cover each other at 0 < r < r h .
Introduction
tum mechanics, the space also will be transited from classic to quantum space where there are some commutative relations between operators in the Hilbert space. Although this approach of space has many applications in physics. We note that here, there are some areas of physics need to change the definition of space. Hence, we can focus our attention to NC geometry as a special kind of geometry which has many applications in physic. One of the most important applications of this geometry can be found to generate a QG theory. In holographic models of QG, we deal with a kind of non-commutativity between string and field theories [29] . In loop quantum gravity (LQG), the space is NC and discrete, in contrast the canonical quantum gravity (CQG) model has commutative and continues space. Another application of NC geometry is associated to a class of CQG models with NC space which can be imposed to our scenarios by deformed space-time. Our recent attention to this kind of deformation can be followed in the previous works for dark energy, massive gravity and physics of black holes [30] [31] [32] . On the other hand, since some part of the present work is based on Finsler geometry, we give some explanation about this geometry. Finsler geometry was first applied in gravitational theory, and this application lead to corrections to observational results predicted by general relativity [33] [34] [35] [36] [37] [38] [39] [40] [41] . Although Riemannian geometry as a mathematical foundation of GR can obtain remarkable achievements in order to explain gravitation in large scale structure. But sometimes we need to the generalized form of the Riemannian geometry to illustrate our gravitational situations. Therefore, we focus our attention to Finsler geometry. From mathematical approach length of a vector x in a manifold M endowed by a metric g ij (x) in Riemannian geometry is given by the quadratic form,
where i and j denote to spatial components. Moreover, Finsler geometry can present a more general method to determine the norms of the vectors. Because of this reason, Finsler geometry is a generalization of Riemaniann geometry. In this geometry, the length of the vectors are determined by a general method which is not restricted by Riemaniann definition of length in terms of square root of the quadratic form. According to the mathematical definition of this geometry, we can introduce a N dimensional manifold M which is supplied by a positive scalar function
where
and T M is the tangent bundle. Finsler metric function have to satisfy three properties: The first is regularity, it means that F (x, y) is differentiable on the slit tangent bundle T M\0. The second is positive homogeneity, e.g. F (x, y) is homogenous function of degree one in y as F (x, λy) = λF (x, y) for any number of positive λ. The third is Strong convexity, it can be realized that the quadratic form ∂ 2 F (x,y) ∂y i ∂y j y i y j is assumed to be positive definite for all variables [42] [43] [44] . In this paper, we study some important physical Lagrangians and attempt to connect Finsler geometry and NC geometry (deformed space-time) together. As we know, all Lagrangians are not able to satisfy the regularity condition of Finsler geometry. On the other hand, the majority of Lagrangians in gauge theory cannot supply the convexity condition of Finsler geometry. Hence, we restrict our analysis to a class of gauge theory Lagrangian which are equipped to weak regularity and positive homogeneity conditions of Finsler geometry. Any physical and mathematical Lagrangian systems of finite degree of freedom can be reformulated in Finsler manifolds without changing their physical contents [45, 46] . In that case, the action functional is given by the integral of the Finsler metric which is made from the Lagrangian. Then the variational principle becomes geometric and independent of parametrisation, which we will call covariant. From the point of view of a physicist, especially when thinking about the Lagrangian formulation, we are inclined to define a non-linear connection not on a line element space T M 0 , but directly on the point manifold M [47] . So, in this paper we make the Lagrangian from HL black holes solutions and obtain the corresponding Hamiltonian. In such approach, we take some new variables to write the Hamiltonian in form of harmonic oscillator Hamiltonian. This give us motivation to apply NC geometry to the new Hamiltonian and obtain the corresponding Lagrangian. And then, we employ some information from Finsler metric and Lagrangian for the different kinds of HL black holes. We show that the corresponding Lagrangian in NC geometry for the mentioned black holes completely coincidence with Lagrangian from Finsler geometry with some specification of parameters.
The analysis
In this section, firstly we consider four types of HL black holes in the context of HL gravity. Then, we apply NC geometry in order to modify the phase space for each kind of HL black holes, separately. In the next step, the set up will be investigated in the Finsler geometry regime.
The charged Horava-Lifshitz black hole
According to Ref. [48] , the form of action for the gravitational section in HL gravity can be found as,
where for λ = β = 1 and α = 0, the form of action is reduced to GR. In the analysis, we can engage a general type of metric as,
where N, N i and g ij are the lapse function, the shift vector and the metric of the spacelike hypersurface, respectively. In that case, we can have formula
In order to investigate HL black holes, we consider Lorentz-violating electromagnetism field as matter sector [49] ,
with Γ ijk the Levi-Civita symbol. If we consider the analysis for the electromagnetic field with the only non-vanishing component A t (r) and β µ = 0(µ = 0, 1, 2), the Maxwell equations can be translated as,
which gives us the solution
We note the integration constant Q e can be interpreted as the charge of the Lifshitz black hole. According to Ref. [50] , we can set the metric components as
and by substitution of the metric (4) in total form of action (S = Sg + S m ), we can obtain
Finally, for the form of metric, we have
with
where M and Q e are integral constants which can be understood as the mass and charge of the Lifshitz black hole. By combination of Eqs. (6) and (7), we have
Now, we focus our attention to the application of NC deformation for this type of HL black hole. Firstly, we can define the general form of Lagrangian for the charged test particle in different black holes
We restrict the analysis to the equatorial plane with θ = π 2
, dθ = 0 and sin θ = 1. By considering this point and substituting the metric components (11) in the above equation, we can obtain the Lagrangian for HL black holes as
It is obvious that by the canonical relations, we can attain the corresponding Hamiltonian. In order to apply noncommutative geometry to the mentioned Hamiltonian, we need to write the Hamiltonian in terms of new variable. In that case, the new Hamiltonian corresponding to the Lagrangian of HL black holes will be a form of simple harmonic oscillator. So, this form of Hamiltonian leads us to apply non-commutative geometry. First we try to choose following variables
and
The Hamiltonian
where n = 7
We can see that the Eq. (19) has the same form with the Hamiltonian of harmonic oscillator as a well-defined system in gravitational theories. Before application of NC geometry in our set up, it is nice to review some important points about this geometry. The Poisson brackets in commutative case can be found as,
where x i (i = 1, 2) and P x i (i = 1, 2). In order to compare the commutative and NC geometries, we explain some points of view about non-commutativity. Quantum effects can be dissolved by the Moyal brackets {f, g} α = f ⋆ α g − g ⋆ α f which is based on the Moyal product as,
The algebra of variables can be driven as,
Transformations on the classical phase space variables are expressed as,
The algebra for new variables are given by,
where σ = βθ 2
. By rewriting the Eq. (19) with new variables in Eq. (25), we can access to the deformed form of charged test particle in HL black holes as,
Also, the form of Lagrangian for the above Hamiltonian can be expressed as,
We use the Eq. (20) , then the deformed Lagrangian can be written as following,
. In order to find V ef f for this HL black hole, we can present the following strategy. One can define the conjugate momentum P µ to the coordinate x µ as
In terms of the conjugate momenta, the Euler-Lagrange equations can be written as
The mentioned black hole is stationary and axisymmetric, so there are two killing vectors k µ = (1, 0, 0, 0) and m µ = (0, 0, 0, 1) which are time-like and space-like, respectively. In order to obtain the conserved constants, one can find the geodesics equations by the above Killing vectors. Then, for constants, we can find E = −∂ t .U and L = ∂ φ .U where U, E and L correspond to the four-velocity and its energy and angular momentum in our system. In this work, we restrict ourselves to the equatorial plane (θ = π 2 ) implying U θ = 0. The radial geodesic is obtained by solving the equation U.U = −1. Therefore, the canonical momenta P t and P φ will be conserved which E and L are interpreted as energy and angular moment per unit mass, respectively as,
where E is the energy at infinity and L is the angular momentum. In order to obtainṫ andφ, we have to consider Eqs. (15) and (34), so we obtain the following equation,
Furthermore, the subject of effective potential and center mass energy play an important role in collision of two particles on the black hole background. In order to have information about such quantities, we employ the following equation,
where κ = −1 for time-like geodesics. In that case, for obtaining effective potential we use Eqs. (37) to (40) andṙ 2 + V ef f = 0. So V ef f can be written by following equation,
Now, we can concentrate our attention on Finsler geometry issues and also we take advantage of Lagrangian in charged test particle in HL black holes. At the first, we are going to review some properties in Finsler geometry. As we said a Finsler space is an N-dimensional manifold M equipped with a Finsler metric which is equipped with some special conditions. Now, we can introduce the general form of metric in Finsler geometry which is given by following,
where a(x, y) = a ij (x)y i y j is a Riemannian metric, a ij is the inverse matrix of a ij and b(x, y) is a differential one-form on M with b(x, y) a := a ij b i b j < 1. Also one can say that Ξ(x, y) is a Finsler fundamental function on T M and α, η, γ ∈ F (M). The first two terms of F in above metric determine a Randers metric. The Finsler metric (Lagrangian) corresponding to charged test particle in HL black holes will be as,
The above equation can be obtained Eq. (42) 
Also, we note that the system with mentioned conditions has a stability as ω ϕ 2 ≫ 1. According to the mentioned conditions F (x, y) can be written by,
As a consequence of the above comparison, α 1 , α 2 , α 3 and α 4 are depended to the NC parameters β and θ.
The non-charged Horava-Lifshitz black hole
In the previous section, by putting Q e = 0 in the Lagrangian (14), we can attain the Lagrangian of the non-charge HL black holes. Our analysis can be repeated for this black hole as follow. The corresponding Hamiltonian of the above Lagrangian can be obtained by definition of the new variables. For this kind of HL black hole, the variables are the similar to the previous black hole without x 6 , x 7 , y 6 and y 7 . Also, the Hamiltonian has the same form with the Eq. (19) with n = 5. For application of NC deformation, we can engage the variable (16) and (17) . Finally, we can find that the deformed Hamiltonian and then the deformed Lagrangian are similar to the charged HL black hole (27) and (29) as with n = 5. Also, in order to attain the effective potential in this kind of HL black hole, we can neglect the role of charge in the Eq. (41) . On the other hand, in Finsler regime, the results are again similar to the previous black hole if we remove charge from our calculations. Therefore, for this black hole the Eqs. (43) to (45) are valid for the case of A µ = 0.
The non-rotated Horava-Lifshitz black hole
According to the physics of black holes, we cannot neglect the role of rotation in our investigation. But, in this section we apply the analysis for non-rotated HL black holes without charge property. The general form of action in this case, can be expressed as [51] ,
where k, λ and µ are constant parameters. Also, we can find the formula
=ġ ij − ∇ i N j − ∇ j N i whereN and N i are the lapse and shift functions respectively. In order to obtain the black hole solution, we can define a general form of metric as follow
where for this kind of black hole, we have
Here, β is integration constant, Λ W and ω are real constant parameters. In the analysis, we consider the case of Kehagias-Sfetsos (KS) black hole solution with β = 4ωM and Λ W = 0, so the form of f ( r) can be written as
To engage NC geometry for this black hole firstly, we consider the Eq. (14) for the case of A µ = 0 and then use the metric (48) in equatorial plane (θ = π 2
). So, the Lagrangian can be found as
By defining the new following variables,
sinh r,
+ r,
and by regarding to the our strategy in the previous section for n = 5, the shape of NC deformed Lagrangian can be driven as,
The effective potential for this black hole can be found by using the Eqs. (34) and (51)
Also, the form of Finsler metric (42) in this kind of HL black hole can be found as,
According to the following conditionṡ
and the stability condition ω ϕ 2 ≫ 1, the Finsler metric is obtained as,
By comparing the Eqs. (54) and (58), we can see similarity between Finsler and NC metrics.
The rotated Horava-Lifshitz black hole
In the present work, another interesting black hole is rotated HL black hole. The general form of metric for this black hole can be expressed as
Also, if we restrict our analysis for slowly KS black hole solution, the metric can be reduced to
In order to apply NC geometry for this black hole, we need to find the form of corresponding Lagrangian. So, by using Eq. (61) in Eq. (14) with A µ = 0 for equatorial plane, the Lagrangian can be driven as
By definition of new variables, 
and by application of the Eqs. (19) and (20) for n = 8 and w In order to obtain the form of effective potential for this black hole, we use the Eqs. (62) and (34) . Then, V ef f can be found
where A = −f KS (r), B = 4J r , C = −r 2 and △ = AC + B 2 . Also, V ± takes the following form,
